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Abstract — Experimental investigations of natural convection in a confined porous medium have shown
that motion may be two-dimensional or three-dimensional. The mode of the convection is dependent on
the physical configuration and the Rayleigh number. This paper deals with the theoretical results obtained
from the finite difference solution of the equations describing transient natural convection in porous media.

The equations had been made more amenable to a numerical solution by introducing a vector potential,

which may be regarded as the three-dimensional counterpart of the stream function.

Numerical results indicate that under certain conditions three-dimensional motion would result in
significantly higher heat transfer rates across the porous medium than two-dimensional motion at the same
Rayleigh number. The convection pattern of the three-dimensional motion is illustrated by isometric
projections of isothermal surfaces and streaklines which trace the path of a fluid particle. The linearized
equations are solved to provide an estimate of the number of possible convective modes as a function of

the Rayleigh number.
NOMENCLATURE R, Rayleigh number as defined by equation
A, aspect ratio (dimensionless) = L,/L; (18)*;‘ . .
B,  aspect ratio (dimensionless) = L_/L: £, t.r* =time [s];
C,, heat capacity [m?/s?°C]; t*, time constant = [L2(pC,),/An] [s7'1;
g,  gravitationalacceleration = 9.807m/s*; T, T, + AT,T = temperature [°C];
G, gravity vector as defined by equation (4); AT,, temperature gradient across porous
K, permeability [m?]; media;
L, physical length in direction of subscript w, superficial mass flux [kg/m?];
[m]_; wy, constant defined by equation (33);
, vertical wave number as defined by x,y,z, coordinate axis as defined in Fig. 1.
equation (46);
m, horizontal wave number (y-direction) as  Greek letters
deﬁped by equation (46); B,  coefficient of thermalexpansion [°C 1] ;
n,  horizontal wave number (z-direction) as Ax,Ay,Az, grid spacing in the x,y,z direction :
defined by equation (46): At, time step;
11
0 0 0
oT =2 7 2.
Nu, Nusselt number = UJ. 7 dEdy‘ ; V. Del operator = dx’ 0y 0z
oo x=0 az
P, pressure; Vz, Laplacian operator = W
d? 82
: + vl + A3
+ Present address, Mobil Oil Canada, Ltd. dy ox
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6.  angle of inclination (cf. Fig. 1):
p,  density [kg/m3]:
4. thermal conductivity [kgm/°Cs?]:
i, fluid viscosity [kg/ms] :
¢, porosity (fraction);
Z, vorticity, &, &,, &5, cf equation (19);
w, relaxation factor, cf. equation (A.4);
Q, operator as defined by equations (A.8)-

(A.10):

&, allowable error:
¥, vector potential, yr,, ¥,, 4, cf. equation
(21).
Subscripts
¢, critical:
f,  fluid:
ij.k, grid point;

m,  solid—fluid mixture:

n,  time level:

o,  at cold surface temperature;

p.  perturbation from conduction:
S, solid ;

x,y,z, in direction of x,y,z:

CD, conduction.

Superscripts
v,  iteration level;
~, dimensionless quantity.

In some instances the subscript f has been
omitted in order to avoid double subscripting.
Thus p, is equivalent to p .

1. INTRODUCTION
A viscous fluid initially at rest will exhibit motion
when heated from below if and only if the newly
established buoyancey forces are of sufficient
magnitude to overcome the viscous retardation

of the fluid. Rayleigh [1] investigated this
problem theoretically by writing the appropriate
mass, momentum and energy balances on a
differential volume of fluid. After a series of
simplifications he arrived at a criterion predict-
ing the onset of convection for a hypothetical
case of a horizontal fluid layer with upper and
lower surfaces free. He also derived a dimension-
less group, subsequently named the Rayleigh [1]
number, which determined the onset and the
magnitude of the convective motions. Since the
pioneering work of Rayleigh more realistic
problems have been investigated. Chandrasek-
har [2], Aziz [3] and Roberts [4] may be con-
sulted for reviews of more recent developments.

When the fluid saturates a porous medium.
which in turn is heated from below, the same
physical process takes place. Lapwood [5] was
one of the early investigators to recognize this.
Applying essentially the same procedure as
employed by Rayleigh [1], Lapwood derived
the mass. momentum and energy balances for
the system. Neglecting the temperature depend-
ence of the fluid and media properties (except
where they create buoyancy), and any nonlinear
terms in the equations, Lapwood arrived at a
solution, which due to the nature of the assump-
tions was valid only at the point of impending
fluid motion. Subsequent investigators (Wood-
ing [6, 17], Elder [7. 8], Karra [9], Chan et al.
[10]) did not neglect the nonlinear terms in the
governing equations, and obtained steady state
and in some instances transient two-dimensional
numerical solutions.

Considering a physical situation of relatively
small dimensions, i.e. height to depth ratio in
the order of unity, the natural convection induced
by the rising, heated, fluid may be of two forms.
The first type requires the motion of two oppos-
ing vertical surfaces, to be in the same direction.
In this case convection would most likely be in
the form of two-dimensional rolls.t The other
possibility has the motion at two opposing

+ The possibility of 3-D motion is determined by the
critical Rayleigh number for the motion. which in most
instances is high.
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surfaces in opposite directions. In this case
convection would be cellular or three-dimen-
sional. In many practical applications, conditions
are such that cellular motion would be physically
preferred and consequently existing solutions
would not be applicable.

An aspect of immediate concern to the authors
was the design of experimental equipment to
substantiate the mathematical solution for
natural convection in porous media. The experi-
mental investigation was to be and has subse-
quently been done (Holst [11]) employing
thermistor probes to monitor the temperature
distribution in a porous medium heated from
below as a function of time. As the number of
temperature probes required to adequately
monitor three-dimensional motion is excessive,
the design of the system had to be such that only
two-dimensional motion is induced under a wide
range of external conditions. Of secondary
interest was the effect of the three-dimensional
motion on the heat transfer characteristics of
the medium.

Based on this need of a three-dimensional
solution, the physical system was modelled
mathematically by writing mass and energy
balances on a differential volume of a porous
medium. Darcy’s law was employed as the force
balance. The equations were simplified by
neglecting the temperature dependence of the
fluid properties {except where density changes
create buoyancy). First, the equations were
linearized and solved to obtain the critical
Rayleigh number as a function of the physical
dimensions of the porous medium. Subsequently
the nonlinear equations were solved by finite dif-
ference methods. In order to obtain a reasonably
efficient solution, the equations were formulated
in terms of a vector potential, the three-dimen-
sional analog of the stream function. This for-
mulation was found to be highly advantageous
by one of the authors (Aziz and Hellums [12])
in the related problem of natural convection in
an open cavity.

In this paper only a brief reference is made to
two-dimensional studies and experimental work.

These aspects of the problem are presented
elsewhere (Holst and Aziz [13]).

2. MATHEMATICAL FORMULATION

Figure 1 represents a porous medium tilted at
an angle 0 with the vertical. The physical system
can be modelled by writing the appropriate mass,

Fig. 1. The physical system as modelled mathematically.

energy and momentum balances on the differen-
tial volume also shown in Fig. 1. The mass
balance for an incompressible system is given by

V.w=0 M

The energy balance, subject to the assump-
tions stated later is given by (e.g. Prats [14])

(pCp)m 0T
7 2

2
VT @

- % w.VT =
The assumptions employed in deriving equation
{2) are: fluid and porous medium properties are
independent of temperature and pressure, except
where a density change creates buoyancy; heat
effects due to viscous dissipation are negligible
the fluid and porous medium may be combined
and treated as a homogeneous mass when con-
sidering conduction. These assumptions are
reasonable if the temperature gradient to which
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the porous medium is subjected is reasonable
and the effective thermal conductivity of the
solid—fluid mixture is measured for the combina-
tion. They are the assumptions normally made
in formulating the mathematical analog of
natural convection problems.

The momentum balance for the porous
medium is stated in the form of Darcy’s law:

- % [VP + G] 3)

where
(4)

Equations (1)3) were solved subject to the
following initial and boundary conditions.

Initial conditions. The temperature distribu-
tion is a prescribed function of the space co-
ordinates. Normally it was assumed to be equal
to the temperature of the cold surface. The mass
flux distribution was taken to be consistent with
the temperature distribution, normally equal to
Zero.

Boundary conditions. Two opposing surfaces
(x =0 and x = L,) were kept at a constant
temperature. The surface at x = 0 being kept at
a higher temperature than the opposing surface.
The remaining sides were perfectly insulated. No
fluid was allowed to flow out of the system.
Equations (1)~(3) may be solved subject to some
additional assumptions. In what follows the
linearized version of the equations are formulated
first. The solution to these equations may be
employed to establish the critical Rayleigh
number, i.e. the minimum vertical temperature
gradient for which natural convection will be
sustained in a porous medium. As a critical
Rayleigh number exists only in a horizontal
system, the following development implies such
a horizontal system (6 = 90°).

G = (p,gsin6,0,—p g cosb).

(a) Linear equations
It is convenient to look at temperature and
pressure as

T = TCD + Tp (5)

and K. AZIZ

(6)

In addition we need an equation of state for
the fluid. For our work we choose the usual
first order relationship:

pr = po(l = (T — Ty)l. (7

The subscript CD denotes the conduction solu-
tion which is obtained when the Rayleigh number
is zero, while the subscript p denotes the per-
turbation solution.

The steady state conduction solution, subject
to the boundary condition stated previously, is
given by:

P=PCD+Pp'

Tep = Ty + ATyx/L, (8)
Pep = Py — py X ©)
wCD = 0 (10)

Combining equations (8), (5) and (2) yields after
neglecting all non-linear terms:

C,, AT (0C,),, T,
V2T, — %y, = B P
T LT L @

X

(11)

m

Equation (3), the equation of motion may
similarly be rewritten to yield:

p
—L(VP, +G)) (12)
where
G, =G, + VP = [(p, — Prep)9,0,0].
But
P, =pPoll — B(Tep — To)l,
pr=poll = BlTep + T, — Tyl
Thus
G, = (—gpoBT,00). (13)

Taking the divergence of equation (12), and
using the identity provided by equation (1).
yields:

oT,
VP, = gpof L. (14)
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Eliminating w, between equations (11) and (12)
results in

C,, AT,Kp |0P,
il Finaled i 8 § piell PV o
La | ox gpoBT,
(PC 2]
S et L A
[ I Ot VT
Furthermore, elimination of pressure between
equations (14)and (15) yields:

(pcp)ma 2 2
[/l ot VIVE

+ gpoBC, AT,Kp,
Am Lt

(15)

m

ViT, = 0. (16)
Equation (15) may be made dimensionless by
defining:

2
t=t.t*=ipcf'_)ﬂf

2m
y = Lyya z = LZZ, Tp = ATO’I_;

s x =L.,X,

The resulting equation is:

¢ === -
[6_i - VZ:I V*T, + A’RV3T, = 0. (17
The Rayleigh number, R, is defined by:
R = ngBCPiAZOLXKpf' (18)

Aside from minor variations, equation (17)
is essentially the same equation developed by a
number of investigators (Lapwood [5], Com-
barnous [15]).

(b) Nonlinear equations

The solution to the linearized equations pro-
vide considerable insight into establishing the
critical Rayleigh number, but the nonlinear
equations have to be solved to predict behaviour
beyond the onset of convective motion. The
obvious procedure of solving equations (1)}(3)
requires the substitution of equation (3) into
equation (1) and the subsequent simultaneous
solution of the resulting equation with equation
(2). This formulation results in two partial
differential equations with pressure and tem-

perature as dependent variables. It will subse-
quently be referred to as the pressure solution.

An alternative method was proposed by
Aziz and Hellums {12]. They employed a vector
potential, the three-dimensional analog of the
stream function in the solution of the Navier—
Stokes equations. They had previously observed
that this formulation was computationally
superior to the pressure formulation. Numerical
experiments indicated that the computer time
required for the pressure solution was an order
of magnitude higher than for the stream function
solution for this problem also.

Thus following the approach of Aziz and
Hellums [12], pressure is eliminated from
equation (3) by taking the curl of the equation,

K
E=Vxw=—--PIVx (VP+G) (19
u

where Z is defined as the vorticity vector.
Since V x VP = 0, equation (19) becomes

- %v x G. (20)

A vector potential, ¥, may be defined such that
w=Vxi. 2D

Hirasaki and Hellums [16] prove that a vector
potential defined by equation (21) exists and is
solenoidal if the velocity field is solenoidal. As
the density is assumed constant (except where it
contributes to buoyancy), equation (3) implies a
solenoidal velocity field, i.e.

V.y =0. (22)

With the aid of equation (22), it can be shown
that

K
5=—V2¢=——5IV><G (23)

and
V.w=V.(Vxy)=0 (24)

The no-flow boundary conditions restated in
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terms of the vector potential are (Hirasaki and
Hellums [16]):

Wi gy =gy =0  atx=0L, (25
O0x

0

Maﬂyix Y= Y3 =0 aty =0,L, (26)

%ﬂi: W=t =0 atz=0,L,. (27
z

Thé previous equations may be made dimen-
sionless by the following substitutions:

w, = wiw,, x=LxX (28)

_ wi_ ~
W, = Wiw, = JL—wy, y =1Ly

7k

o= w, = % oL

4 Lx

L.L

v = —g—zwﬁﬁl
Wz = szv?:'ZZ
3= LyW:'py

Equations (25)+27) may now be made dimen-
sionless to give:

_ P
Wy = ’5}* —_ —62—‘ (29)
0 0
é 0
W, = @i; —g«; (31)
Furthermore by defining:
T =Ty, +AT,.T (32)
A
* oo m
wi L.C,, (33)
and assuming that
Pr= poll — ﬁAToT) (34

the dimensionless form of equation (23) may be
obtained:

V%), = B*Rcos 06_—’1_’

& (35)

Vi, = —AR[sm 95 + Acos :](36)

oz
V&), = AB*Rsin Hgg. (37)

The dimensionless form of the boundary condi-
tions would be:

W g, =, =0atx=01 (8
0X

5_‘752_¢1=¢73203ty.—.0,1 (39)
’3*7’3 ~ P =P, =0at: =01  (40)

The energy equation [equation (2)] may be
made dimensionless by similar substitutions to
yield :

oT oT oT oT
V2T W 4+ W b= = (41
V*T { a_+wyay+w262} 5 41)
with an initial condition of:
T(%,7,2.0) =f(%,7,2., normally =0  (42)
and boundary conditions of :
T=10atx=0 (43)
T= Oatx=10 (44
oT oT
— =0aty =0,1:— = 7= .
5 aty =0,1; 5 Oat 2=0,1. 45

It will be noted that as L, — o, the aspect ratio
B approaches 0, which would result in ¢, and
5 to be equal to O at all times [from equations
(35) and (37)], which would mean that w, = 0 at
all times, and the two-dimensional problem is
approached. In this case §, would be the con-
ventional stream function. For 8 = 90, the hori-
zontal case, equation (35) indicates ¥/, to be
equal to zero at all times. This situation was the
only case investigated numerically. The formula-
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tion was obtained considering any angle of
inclination to make it more general.

3. METHOD OF SOLUTION
(a) Linearized equations
Following the approach of Lapwood [5],
Karra [9] and numerous other investigators, the
solution to the linearized equations is assumed
to be of the form:

T, = Esinlnx cosmmycosnze™ (46)

The integers I, m and n are the wave numbers of
the disturbance. It is easily seen that the point
of neutral stability is attained when n = 0. For
a positive #, any disturbance will grow with
time, whereas for a negative 5, any disturbance
will decay with time.
Substitution of equation (46) (with n = 0) into
equation (17) yields:
—(Pn*A? + m*n*B? + n*n?)
x (A*m*12 + B?n’m? + n*n?)
+ A*R(B*n*m* + n’7*) =0  (47)
or
_ n(PA? + m’B? + n?)?
T AYB*m® + n?)

(48)

Equation (48) is essentially the same relation-
ship as obtained by Lapwood. (The identity
between the relationships is obtained by letting
A =B =1) Assuming B to be 0 yields the
relationship given by Karra [9]. Equation (48)
may now be employed to give the critical Ray-
leigh number as a function of the wave numbers
for a number of aspect ratios. The results
obtained are presented in Section 4.

(b) Nonlinear equations

Present day mathematical knowledge does
not allow in general the solution of nonlinear
partial differential equations in an analytical
form. Numerical techniques are necessary at one
stage or another. In early investigations, Wood-
ing [6, 17] perturbed the original equations and
then solved the perturbation equations numeric-
ally. Subsequent investigators solved the basic

equations numerically. As the perturbation
solution is limited to low Rayleigh numbers, the
equations as presented under Mathematical
Formulation were solved numerically in this
investigation. The numerical methods are well
known (e.g. Varga [18]), and only a brief outline
is given here. The algorithms employed are
defined in Appendix 1.

The numerical solution is obtained by dividing
the domain of interest into a grid network such
that X; = (i — DAX,3; =(j — DAy and 3z, =
(k — 1)AZ (this definition is employed to be com-
patible with the computer program where the
subscript 0 is not allowed). The partial differen-
tial equations are also discretized according to
standard procedures. The energy equation was
solved by the Alternative Direction Implicit
(ADI) procedure. A form convenient for the
problem under consideration is given by Aziz
[3]. It may be regarded as a perturbation of the
form first proposed by Douglas [19]. (The solu-
tion algorithm is given in Appendix 1) The
nonlinearities (mass fluxes) in the equation were
linearized over a time step. The assumed value
was taken to be the arithmetic average of the
mass flux at the beginning of the time step and
the end of the time step. (As the value at the end

Caiculate
.l
[ 1 atn
at n +1/2,y
* Calculgte
V_
Calculate using 7 at
T n+l,v-1
atn +1,Y
Is
thange inF No ve=v +l
acceptable
) yes
No
<’ max End
yes
n=n+l n = time level

v = iteration level

FiG. 2. Simplified flow diagram of the computer program.
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of the time step is not known, this procedure
implies iteration at a time step.)

The equation of motion was solved by the
method of Successive Over-Relaxation (SOR).
The solution algorithm is well known, and is
given for the convenignce of the reader in
Appendix 1.

The two equations were then solved simul-
taneously by the algorithm presented in Fig. 2.

4. RESULTS AND DISCUSSION OF RESULTS

(a) Linearized equations

The critical Rayleigh numbers were obtained
as a function of the wave numbers considering
the aspect ratios of A=1, B=1; A=3,
B=3; and 4 =3, B=6. The results are
presented in Table 1. The two-dimensional flow
regime, characterized by m = 0, yields critical
Rayleigh numbers which are independent of
B. The lowest critical Rayleigh number calcu-
lated is 39-47. This corresponds to the value of
4n? obtained by Lapwood [5].

Table 1 may also be rearranged to yield the
number of possible solutions for each value of
the Rayleight number. For instance at a Rayleigh
number of 60, linear theory predicts 9 possible

and K. AZIZ

solutions for the confined porous medium of
aspect ratios 4 = 3, B = 3. Of these 9 solutions,
4 predict the motion to be two-dimensional. If

Table 1. Linear theory: critical Rayleigh number vs. wave

numbers
R, R, R,
i m n A=1B=1 4=3B=3 A4A=3B=6
i 0 1 3947 109-65 109-65
2 61-68 4632 46-32
3 39.47 3947
4 42.83 42-83
5 50-70 5070
6 61-68 61-68
1 1 1 4441 39-58 62-71
2 7105 40-82 65-82
3 44-41 71-05
4 50:70 7846
5 59-63 88-08
6 71-05

the aspect ratios are changed to A =3, B =6,
only two-dimensional motion would be possible
for the same Rayleigh number. At low Rayleigh
numbers (near the critical) the table suggests
that two-dimensional motion is preferred. The
motion may thus be described to be in the form

50—
/3-D (-1-1)
4-Q /
/2~0(t~0—!}
3 30
<
2.0 k- ~-~-=Estimated
{from Holst[ll}
/}?=0
10— S A —
| j ! | ] | }
° o o2 03 04 05 06 o7 08

FiG. 3. Transient heat transfer at the cold boundary, R = 120, 4 = 1,B = 1.
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Table 2. Summary of steady state results

R A B H m n Nu ‘T’zmm V2 s Vs V3 e
120 1 1 1 1 1 394 ~526 502 - 517 511
1 1 1 0 1 3.49 —630 0 0 0
3 3 1 1 1 3.57 ~473 4.73 —1907 19-09
3 3 1 0 3 349 ~630 0 0 0
3 6 1 1 1 2:98 ~1.52 1-52 —21-60 21-55
3 6 1 0 3 3-49 ~630 0 0 0
60 1 1 | 1 1 1-67 ~205 2:00 — 203 201
1 2 1 0 1 1-89 ~301 001 — 000004 0-00004

of rolls with axes of the rolls parallel to the
shorter sides. These observations are analogous
to those presented by Davis [20] for the open
cavity. At sufficiently high Rayleigh numbers,
this conclusion may no longer be valid and
another solution may be preferred. This change
from one mode to another has been observed
by Combarnous [15] in the form of cyclic
changes in the heat transfer characteristics.

(b) Nonlinear equations

The transient 3-D solution is presented in
Fig. 3. The figure indicates that the 3-D motion

30}

Nu

20|~

/A=I,B=l (111}

represents a significant increase in the heat
transfer across the porous medium when com-
pared to the 2-D motion. The solution shown
has wave numbers of I= 1, m=1and n = 1.
According to the linear theory this particular
solution has a critical Rayleigh number of
44-41 which is higher than the critical Rayleigh
number of the 2-D (roll) solution. Table 2
presents a summary of important numerical
results obtained with the numerical method
described earlier. The table shows that at a
Rayleigh number of 120 the 1-1-1 solution
exhibits considerably more heat transfer than the

o

iL 1 i i
e

A=1,8=2(1-0-1}

o7 o8 o9

10 I
?

12 I3 4

F1G. 4. Transient heat at the cold boundary, R = 60, 8 = 90 (4 = 1, B = 1 solution is started with the steady state R = 120
solution: 4 = 1, B = 2 solution is started with steady state conduction solution).
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1-0-1 solution. Using criterion of Platzman
[21], whereby the solution exhibiting the maxi-
mum heat transfer is physically preferred, the
1-1-1 solution would be preferred at a Rayleigh
number of 120. At lower Rayleigh numbers, as
will be shown subsequently, the sitoation is
reversed. It should be noted at this time that no
analysis of the effect of grid spacing on the 3-D
solution has been carried out due to the
extremely high computer time requirements. On
this basis the value of the Nusselt number might
be in error by as much as 18 per cent (based on
2-D studies conducted by Holst [11]). However,
the difference between the two solutions is of
considerable magnitude and both solutions
were obtained for similar grid sizes. The con-
clusion that the (1-1-1) solution would be
physically preferred is consequently reasonable.

Subsequent results (see Table 2) obtained by
changing the aspect ratios without changing the
grid spacing are somewhat suspect. The solu-
tions were obtained by using the steady state
A =1, B =1 solution as the initial condition.
According to the linear theory, the results
obtained are possible. The proximity of the
steady state Nusselt numbers, combined with the
coarse grid system employed in developing the
A =3, B = 3 case, do not allow the determina-
tion of the physically most likely convection
pattern (1-1-1 or 1-0-3 are the only two
alternatives investigated ; the absolute optimum
may very well be a pattern not investigated).
The results obtained for the 4 = 3, B = 6 case
definitely suggest the 1-0-3 (3 cell, 2-D) mode
to be more likely in a physical application.

As a number of experimental results were
obtained at a Rayleigh number of approximately
60 (Holst [11]), an investigation of the effect
of the third dimension at that Rayleigh number
seemed appropriate. Two situations were investi-
gated: the first assumed 4 =1, B=1 and
employed the steady state 1-1-1 solution at
R =120 as the initial condition, the second
case assumed 4 = 1, B =2 and employed the
steady state conduction solution as the initial
condition. The transient results thus obtained

and K. AZIZ

are presented in Fig. 4. The situation where
A =1, B =2 essentially duplicated the results
obtained by a 2-D model (Holst [11]). The
minor variations between the solutions were

X

s iy
"M”""ﬁ"ﬁﬂggm

(b) ¥ =00, #=120

(a) ¥=00, #=60

]

() ¥:os,7:60 (d) F=05,8:120

.

e g

(e) Y=1-0,R =60

(f) ¥ =1-0,R =120

FiG. 5. Steady state temperature distributions. 4 = |,
B=1.

believed to be attributable to the slightly different
spacings employed. The two-dimensional form
of the solution was predicted by the linear
theory and provides an excellent check on the
consistency of the two computer models. The
(1-1-1) solution obtained for A =1, B=1 is
of interest, as it suggests that at this low Rayleigh
number the 2-D one cell solution is physically
more likely. This represents a different preferred
mode than that obtained at R = 120.
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Figure 51 shows a comparison of the steady
state temperature distributions for R = 60 and
120 at =0, 05 and 1-0. All contour maps
shown on this figure are for A =1 and B = 1.
Figure 6 presents a similar comparison for the

X

o comoen, e b comon lataea e

9 n
a2

{a) ¥=00,R=60

-t

© om0

“r coovm,

FiG. 6. Steady state ¥, distributions,4 = 1,B = 1.

¥, component of the vector potential. Figures
7 and 8 presents a comparison of temperature
and v distribution at R = 120 for the cases
A=3 B=3and A =3, B=6. The {; dis-
tributions are notably missing for the planes

T The contour maps are constructed on the line printer
by a program which divides the range of a two-dimensional
array into 10 subranges. Each subrange is then filled by a
special character. The first subrange is filled by a 0, the second
by a blank, the third by a 2, etc., ending with a blank in the
10th subrange. To aid in the interpretation the blanks are
coded with the number they should contain.

y =0and y = 1-0 in Fig. 8 due to the fact that
the boundary conditions specify them to be zero
at these locations. In other words, the flow is
two-dimensional at the boundaries. From the
temperature maps it is apparent that the mid-
plane temperature distributions do not resemble
the two-dimensional results. The temperature

x

Z "(b)i 00,423,816

: L L
o i g
H ﬁﬁ??i Hm’l!{ﬁ“mlﬁ “lmw;um e

d%’hnmn

Y ——

"0)F 10,423,853 N7 S10.4-3,6-6

F1G. 7. Steady state temperature distributions, R = 120.

distributions obtained at the bounding surfaces
are notably similar to the 2-D results. This is to
be expected, as the flow at these surfaces is
strictly two-dimensional. Considering the poss-
ible directions of circulation at the opposing
surfaces (e.g. at y =0 and y = 1-0), only two
alternatives are present. If they are the same,
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Fi1G. 10, Streak line, R = 120,4 =1,B = 1.

two-dimensional motion is the most probable
result for the aspect ratios and Rayleigh numbers
considered here. If they are different, the solu-
tions presented in Figs. 5-13 are most likely.
The possible solutions may be obtained using
equation (48). The 1-1-1 solution requires that

the maps at the opposing bounding surfaces be
mirror images of each other. Figures 5-7 comply
with this requirement.

Referring to Figs. 5-8, it is difficult to visual-
ize the fluid movement when the flow is three-
dimensional. Some attempts have been made to
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FI1G. 11. Streak line, R = 60,4 = 1,B = 1.
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aid in the visualization. Figure 9 represents the
first attempt by presenting isometric projections
of the T = 05 isothermal surface. For the
A = 3, B = 3 case the motion may be described
by two counter rotating rolls with a mixing zone

in the middle. Visualization of the flow in the
mixing zone is somewhat more difficult. To aid
in the interpretation of the flow in this mixing
zone a program was developed to trace the path
of a fluid particle. Figure 1((a) is the streakline
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obtained for a particle originally at the location
X=02 =02 and Z = (2. The streakline
is presented by a top. front, and side view. There
is no clear circulating pattern evident, suggesting
that the velocities were too large for the grid
system considered in order for this method to
vield easily interpretable results. Figure 10(b)
presents similar results for a fluid originally
located at ¥ =02, =02 and Z =05 The
streakline for this particle indicates the flow to
be more or iess two-dimensional in the X-Z plane.

Similar results obtained for 4 = 1, B = 1 and
R = 60 are presented in Figs. 11-13. As the
fluid was moving at lower velocities, the results
are more accurate. The general circulating
pattern is similar to that obtained at a Rayleigh
number of 120.

As is evident from the isometric projections
and streakline figures, the cellular motion is not
very easily visualized or described. Further
investigations would have to be performed to
obtain an estimate of the signal-to-noise ratio
in the solution : that is, how much of the apparent
randomness is due to the method of tracing the
particle and how much is actual physical
behaviour. To carry out this fype of investiga-
tion in depth, the grid spacing would have to be
altered. This would require more computer
time than was available for this investigation.
Decreasing the Rayleigh number has a similar
effect however, On this basis, it can be seen that
the randomness in the streakiines for R =1201s
primarily due to inaccuracics in the solution, and
the streaklines obtained for R = 60 provide
a better picture of the circulating pattern.

CONCLUSIONS

1. Three-dimensional motion may under cer-
tain instances result in higher heat transfer
across the porous medium, depending upon the
physical dimensions of the medium and the
Rayleigh number of the system.

2. The critical Rayleigh numbers obtained
from the linear theory provide considerable
insight into the physical mode of convection at
Rayleigh numbers above the critical.

3. As two-dimensional solutions always
satisfy the three-dimensional equations, there is
an inherent multiplicity in the solution if three-
dimenstonal motion is possible.

4. The method of using the vector potential in
the formulation yielded entirely acceptable
results. It is the authors’ belief that this formula-
tion is superior to the one using pressure as one
of the dependent variables.
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h AZ

A3
AR? AP a3

the subscripts i, j and k, and the grid spacing Ax, Ay and
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z, = (k — 1)AZ. v is the iteration level.
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proposed by Young [22]. Thus

w =

1
1 1 -
+ 1 1 1 {Ax?
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APPENDIX 1
Numerical Methods

1. Elliptic equation

The equation of motion [equations (35)—-(37)] was arranged
in the form of an elliptic equation and solved by the method of
Successive Over-Relaxation (SOR) in the majority of the
solutions presented. The procedure is well established (e.g.
Young [22]) and only a very brief description follows. The
algorithm is presented for the following general equation:

o (o9 d (o a(aﬁ%
2= — |- — | — =
4 ax(ax)JrBzay(ay)’Laz oz 4=0

where d is a function of x, y and z.

The | distribution was obtained by discretizing the three
space dimensions and subsequently calculating § values at
every grid point by iteration. Thus at time n + 1

o | A%
k= — oWl + c {A;2< Pirlin+ ol 1.j.k>

v+t v
ikt 'pi.j«» 1,k> +

(A1)

+ B?
Ay?

1
+ Az ('I;’;.klvl + %'&,H) + di.j.k} (A2)

(A4

1 1 1
—— c0sA nAX + V—}_]zcosA nAy + Z?cos nAzZ

In this problem d takes the following values [see equations
(35371

oT
d= —B*Rcos ) —
ay

T T
d = AR [sin 06__ + Acos Ba—]
0z 0x

aT
d= —AB’Rsin 0 —.
oy

Iteration of equation (A.2) was continued until the following
criterion was met :

-?}?’:‘cl\[v’:i}« - w:‘. j.k|

—]—I—]—— < e
r'pmin + lpmnx +0-01 §

The values of |} and |¥max| Were obtained from the
previous time step. The value of ¢ was generally taken to be
equal to 1073,

2. Parabolic equation

The energy equation was solved numerically by writing
it in the form of a parabolic equation and using one form of
the commonly used noniterative Alternating Direction
Implicit (ADI) procedure. This procedure was first intro-
duced by Peaceman and Rachford [23].

Using the ADI procedure, equation (41) is discretized
spatially, and a first approximation, T*, of the solution at
time (n + 1)Af is obtained by :

2 . 2\~
Qx A, Ti,j,k,n+1 = - Q.x + zny + 2‘2: + Xt_ Tl',i‘kv'l

At
(A.5)
A second approximation, T**, is obtained by :
2 T* 2 T* A.6
Q= ) Tk = BT jun — AR ikt 1 (A-6)
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The final solution is obtained by :

2 - 2
(Q, - B) Tijimir = 2 Tijum — le’f’;-"“'

The Q operators are defined by :
QxT?ij,k,n +1
A? =
= —A_x:z [T?—l.j.k‘n+l - 2T?fj.k,n+1 + Ti+l,j.k.n+l]

—_ w * — *
ZAxwxi.j,k,n+§ (T, Liknt1 = Ti-t i+t

QyTi,j,k,n
B

= A_)-,z[Ti,j—l.k.u ~ 2T jan + Tijrinal

(A7

(A.8)

- ﬂ}wvi,j.k,n+§(7i,j+l.k.n - Ti.j—x,kn)

QzTi,j.k.n
1 _ = -
= Z?[Ti,j,k—l.n ~ 2T jumn + Tijucr il

A _ -
- szi.jﬁ.n+§( Ti,j,k+1.n - Ti,j,k—l.n)~
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(A9)

(A.10)

In the first step of the three-step procedure, equation
(A.5) is solved implicitly for one X-grid line at a time. In the
second step, equation (A.6) is solved for one j-grid line at a
time, while in the third and final step, equation (A.7) is

solved for ornie Z-grid line at a time.

CONVECTION NATURELLE TRIDIMENSIONNELLE TRANSITOIRE DANS UN MILIEU
POREUX CONFINE

Résumé —Des recherches expérimentales sur la convection naturelle dans un milieu poreux confiné a
montreé que le mouvement peut étre bidimensionnel ou tridimensionnel. Le mode de convection dépend
de la configuration physique et du nombre de Rayleigh. Cet article traite des résultats théoriques obtenus
par la méthode des différences finies appliquée aux équations qui décrivent la convection naturelle
transitoire dans un milieu poreux. Les équations ont été rendues plus adaptées & une solution numérique
en introduisant un potentiel vecteur qui peut étre considéré comme I’homologue tridimensionnel de la
fonction de courant.

Les résultats numériques indiquent que, sous certaines conditions, le mouvement tridimensionnel
résulte de taux de transfert thermique significativement plus élevés que dans le cas bidimensionnel au
méme nombre de Rayleigh. La configuration de la convection tridimensionnelle est illustrée par des
projections isométriques des surfaces isothermes et des lignes qui représentent la trajectoire d’une particule
fluide. Les équations linéarisées sont résolues pour fournir une estimation du nombre de modes de con-

vection possibles en fonction du nombre de Rayleigh.

INSTATIONARE DREIDIMENSIONALE FREIE KONVEKTION IN
POROSEN MEDIEN ENDLICHER AUSDEHNUNG

Zusammenfassung—Experimentelle Untersuchungen der freien Konvektion in pordsen Stoffen endlicher
Ausdehnung haben gezeigt, dass die Bewegung zwei- oder dreidimensional sein kann. Die Art der Kon-
vektionsbewegung hiingt ab von der Anordnung der Poren und der Rayleighzahl. Diese Arbeit behandelt
die theoretischen Ergebnisse, die mit Hilfe des Differenzenverfahrens aus den Gleichungen erhalten
wurden, die die instationidre freie Konvektion in pordsen Medien beschreiben. Die Gleichungen wurden

dimensionales Gegenstiick zur Stromfunktion betrachtet werden kann.

Die numerischen Ergebnisse zeigen, dass unter bestimmten Bedingungen die dreidimensionale Be-
wegung bei gleichen Rayleighzahlen zu bedeutend hoherem Warmetiibergang im pordsen Stoff fiihrt
als die zweideimensionale Bewegung. Das Stromungsbild der dreidimensionalen Konvektionsbewegung
wird veranschaulieht durch isomere Projektionen von isothermen Oberflichen und Streifenlinien, die
den Weg der Fliissigkeitsteilchen kennzeichnen. Die linearisierten Gleichungen werden geldst, um eine

Abschitzung der Zah! der moglichen Konvektionsarten als Funktion der Rayleighzahl zu erreichen.
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HECTAIHNOHAPHAA TPEXMEPHAf ECTECTBEHHAA KOHBEKIUA B
OPAHNYEHHBIX ITOPUCTBIX CPEIJAX

AHBOTAIMA—OIKCIIePUMEHTAIbHbIe HCCIeJOBAHNA eCTECTBeHHON KOHBEKINM B OIpAaHMYEHHON
NOPUCTOI Cpeje MOKA3aJM, YTO ABMHKEHHE MOKeT OHITh ABYX-MJIHM TpPeXMepHHIM. BUA KOH-
BeRUMM BaBHCUT OT (uamdeckolt xouurypamuu u uncia Peses. B panuoii paSore pacc-
MATPUBAIOTCA TeODeTHYeCKNe pe3yJbTaThl, I0JyYeHHbEe C HOMOMIBI0O DEIIeHUA B KOHEYHBIX
PasHOCTAX ypaBHeHHH, OMMCHIBAOIINX HECTAIIMOHAPHYID eCTECTBEHHYI0 KOHBEKUHI0 B
IIOPHUCTHX Cpegax. ¥ paBHeHUA OLLIM NpUBEReHH K 6omee yToOHOMY AIA YMCIEHHOTO PelleHUsA
BUAY, UCHOJb3YHA BEKTOPHBI MOTEHINAJ, KOTOPHH MOMHO paccCMATPUBATh KaK TPEXMEPHYIO
Qyarumo, o6patHyo QYHKIHM TOKA.

YncaeHHble pes3yJbTAaTH NOKA3KBAIOT, YTO NpH ONpeJelJeHHBIX YCIOBUAX B pesyiabraTe
TPEXMEPHOTO [BMMEHMA TNOJYYAIOTCA S3HAYMTENBHO OOJbIINEe CKOPOCTH IepeHoca Tema
HOTIepeK IOPHUCTOH Cpefibl, HeMelln NPpU ABYXMePHOM ABUKEHMH IPHU TOM 3Ke 3HAUSHMH YHCJIA
Penesi. KOHBEKTHBHEI XapaKTep TPEXMEDHOI'O ABMMKEHHA HIIIOCTPUPYETCA H30MeTpHYec-
KIMU IPOEKIMAMY NB0TePMUYECKUX ITOBepXHOCTel 1 TpeKaMu YacTUL sKUAKOCTH . JJIA OLieHKH
pARA BOSMOMKHBIX KOHBEKTHBHHIX KOH(Urypaumii B 3aBUCHMOCTH OT umMciaa Pejes pemiaiorcs

JIMHEApU30BAHHBIE YPABHEHHUS.



