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Abstract- Experimental investigations of natural convection in a confined porous medium have shown 
that motion may be two-dimensional or three-dimensional. The mode of the convection is dependent on 
the physical configuration and the Rayleigh number. This paper deals with the theoretical results obtained 
from the finite difference solution of the equations describing transient natural convection in porous media. 
The equations had been made more amenable to a numerical solution by introducing a vector potential, 
which may be regarded as the three-dimensional counterpart of the stream function. 

Numerical results indicate that under certain conditions three-dimensional motion would result in 
significantly higher heat transfer rates across the porous medium than two-dimensional motion at the same 
Rayleigh number. The convection pattern of the three-dimensional motion is illustrated by isometric 
Projections of isothermal surfaces and streaklines which trace the path of a fluid particle. The linearized 
equations are solved to provide an estimate of the number of possible convective modes as a function of 

the Rayleigh number. 

NOMENCLATURE 

aspect ratio (dimensionless) = L,/L, : 

aspect ratio (dimensionless) = LJL, : 

heat capacity [m2/s2”C] ; 
gravitational acceleration = 9.807 m/s2 ; 
gravity vector as defined by equation (4) ; 
permeability [m2] : 
physical length in direction of subscript 

[ml : 
vertical wave number as defined by 
equation (46) : 
horizontal wave number (y-direction) as 
defined by equation (46) : 
horizontal wave number (z-direction) as 
defined by equation (46) : 

R, Rayleigh number as defined by equation 

(18); 
t, t . t* = time [s] ; 

t*, time constant = [LZ(pC,)JA,] [s-l] : 

T, T,, + AT,,T = temperature [“Cl ; 
AT,, , temperature gradient across porous 

media ; 

W, superficial mass flux [kg/m’] ; 
w:, constant defined by equation (33) : 
x,y,z, coordinate axis as defined in Fig. 1. 

Greek letters 

B? coefficient of thermal expansion [“C - ‘1 ; 
Ax,Ay,Az, grid spacing in the x,y,z direction : 
At, time step: 

Nusselt number =~/~~~XEOdZd)~: ‘, Deloperator =gY$yg: 

pressure : V2, Laplacian operator = $ 

a2 . a2 
t Present address, Mobil 011 Canada, Ltd. 

+ayZ+Q 

73 



74 

v. 

VT. 

-2 
VI, 

0, 

P, 
i 

,: 

4. 
E. 

isi: 

;. 

P. H. HOLST and K. AZIZ 

a2 a2 
ByZ+s: 

a2 a2 
BZw+@: 

angle of inclination (cf. Fig. 1): 
density [kg/m31 : 
thermal conductivity [kgm/“Cs3] : 
fluid viscosity [kg/ms] : 
porosity (fraction) : 
vorticity, tl, t2, t3, cf. equation (19): 
relaxation factor, cf. equation (A.4) : 
operator as defined by equations (A.8)- 
(A. 10) : 
allowable error: 
vector potential, G1, $2. ti3, cf. equation 
(21). 

Subscripts 

7, 
i&k, 
m 
n. 
0. 

P, 
s, 

critical : 
fluid : 
grid point : 
solid-fluid mixture : 
time level : 
at cold surface temperature: 
perturbation from conduction : 
solid : 

x,y,z, in direction of x,y,z: 
CD, conduction. 

Superscripts 
V, iteration level : 
-. dimensionless quantity. 

In some instances the subscript f has been 
omitted in order to avoid double subscripting. 
Thus p. is equivalent to p.ro. 

1. INTRODUCTION 

A VISCOUS fluid initially at rest will exhibit motion 
when heated from below if and only if the newly 
established buoyancey forces are of sufficient 
magnitude to overcome the viscous retardation 

of the fluid. Rayleigh [l] investigated this 
problem theoretically by writing the appropriate 
mass, momentum and energy balances on a 
differential volume of fluid. After a series of 
simplifications he arrived at a criterion predict- 
ing the onset of convection for a hypothetical 
case of a horizontal fluid layer with upper and 
lower surfaces free. He also derived a dimension- 
less group, subsequently named the Rayleigh [l] 
number. which determined the onset and the 
magnitude of the convective motions. Since the 
pioneering work of Rayleigh more realistic 
problems have been investigated. Chandrasek- 
har [2], Aziz [3] and Roberts [4] may be con- 
sulted for reviews of more recent developments. 

When the fluid saturates a porous medium. 
which in turn is heated from below, the same 
physical process takes place. Lapwood [5] was 
one of the early investigators to recognize this. 
Applying essentially the same procedure as 
employed by Rayleigh [l], Lapwood derived 
the mass, momentum and energy balances for 
the system. Neglecting the temperature depend- 
ence of the fluid and media properties (except 
where they create buoyancy), and any nonlinear 
terms in the equations, Lapwood arrived at a 
solution, which due to the nature of the assump- 
tions was valid only at the point of impending 
fluid motion. Subsequent investigators (Wood- 
ing [6, 171, Elder [7. 81. Karra [9], Chan et al. 
[lo]) did not neglect the nonlinear terms in the 
governing equations, and obtained steady state 
and in some instances transient two-dimensional 
numerical solutions. 

Considering a physical situation of relatively 
small dimensions, i.e. height to depth ratio in 
the order of unity, the natural convection induced 
by the rising, heated, fluid may be of two forms. 
The first type requires the motion of two oppos- 
ing vertical surfaces, to be in the same direction. 
In this case convection would most likely be in 
the form of two-dimensional rolls.? The other 
possibility has the motion at two opposing 

t The posslbillty of 3-D motion is determined by the 
critical Rayleigh number for the motion. which in most 
instances is high. 
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surfaces in opposite directions. In this case 
convection would be cellular or three-dimen- 
sional. In many practical applications, conditions 
are such that cellular motion would be physically 
preferred and consequently existing solutions 
would not be applicable. 

An aspect of immediate concern to the authors 
was the design of experimental equipment to 
substantiate the mathematical solution for 
natural convection in porous media. The experi- 
mental investigation was to be and has subse- 
quently been done (Holst [l I]) employing 
thermistor probes to monitor the temperature 
distribution in a porous medium heated from 
below as a function of time. As the number of 
temperature probes required to adequately 
monitor three-dimensional motion is excessive, 
the design of the system had to be such that only 
two-dimensional motion is induced under a wide 
range of external conditions. Of secondary 
interest was the effect of the threedimensional 
motion on the heat transfer characteristics of 
the medium. 

Based on this need of a three-dimensional 
solution, the physical system was modelled 
mathematically by writing mass and energy 
balances on a differential volume of a porous 
medium. Darcy’s law was employed as the force 
balance. The equations were simplified by 
neglecting the temperature dependence of the 
fluid properties (except where density changes 
create buoyancy). First, the equations were 
linearized and solved to obtain the critical 
Rayleigh number as a function of the physical 
dimensions of the porous medium. Subsequently 
the nonlinear equations were solved by finite dif- 
ference methods. In order to obtain a reasonably 
efficient solution, the equations were fo~ulated 
in terms of a vector potential, the three-dimen- 
sional analog of the stream function. This for- 
mulation was found to be highly advantageous 
by one of the authors (Aziz and Hellums [12]) 
in the related problem of natural convection in 
an open cavity. 

In this paper only a brief reference is made to 
two-dimensional studies and experimental work. 

These aspects of the problem are presented 
elsewhere (Holst and Aziz f 131). 

Figure 1 represents a porous medium tilted at 
an angle 0 with the vertical. The physical system 
can be modelled by writing the appropriate mass, 

Hot- 

cold 

FIG. 1. The physical system as modelled mathematically. 

energy and momentum balances on the differen- 
tial volume also shown in Fig. 1. The mass 
balance for an incompressible system is given by 

v.w=o (1) 

The energy balance, subject to the assump- 
tions stated later is given by (e.g. Prats [ 141) 

V2T ;L -Lw.VT _ (G)m dT. 
/lm at (2) 

m 

The assumptions employed in deriving equation 
(2) are : fluid and porous medium properties are 
independent of temperature and pressure, except 
where a density change creates buoyancy ; heat 
effects due to viscous dissipation are negligible : 
the fluid and porous medium may be combined 
and treated as a homogeneous mass when con- 
sidering conduction. These assumptions are 
reasonable if the temperature gradient to which 
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the porous medium is subjected is reasonable 
and the effective thermal conductivity of the 
solid-fluid mixture is measured for the combina- 
tion. They are the assumptions normally made 
in formulating the mathematical analog of 
natural convection problems. 

The momentum balance for the porous 
medium is stated in the form of Darcy’s law: 

w=- % [VP + G] 

where 

G = (p,g sin 8,0, - p,g cos 0). (4) 

Equations (lH3) were solved subject to the 
following initial and boundary conditions. 

Initial conditions. The temperature distribu- 
tion is a prescribed function of the space co- 
ordinates. Normally it was assumed to be equal 
to the temperature of the cold surface. The mass 
flux distribution was taken to be consistent with 
the temperature distribution, normally equal to 
zero. 

Boundary conditions. Two opposing surfaces 
(x = 0 and x = L,) were kept at a constant 
temperature. The surface at x = 0 being kept at 
a higher temperature than the opposing surface. 
The remaining sides were perfectly insulated. No 
fluid was allowed to flow out of the system. 
Equations (l)-(3) may be solved subject to some 
additional assumptions. In what follows the 
linearized version of the equations are formulated 
first. The solution to these equations may be 
employed to establish the critical Rayleigh 
number, i.e. the minimum vertical temperature 
gradient for which natural convection will be 
sustained in a porous medium. As a critical 
Rayleigh number exists only in a horizontal 
system, the following development implies such 
a horizontal system (0 = 90”). 

(a) Linear equations 
It is convenient to look at temperature and 

pressure as 

T = T,. + Tp (5) 

P = P,, + P,. (6) 

In addition we need an equation of state for 
the fluid. For our work we choose the usual 
first order relationship : 

~,r = POU - P(T - TON. (7) 

The subscript CD denotes the conduction solu- 
tion which is obtained when the Rayleigh number 
is zero, while the subscript p denotes the per- 
turbation solution. 

The steady state conduction solution, subject 
to the boundary condition stated previously, is 
given by : 

T,, = T,, + AT&L, (8) 

Pm = PO - Pf& (9) 

WCD - - 0. (10) 

Combining equations (8) (5) and (2) yields after 
neglecting all non-linear terms : 

V2T ‘P, ATo (PC,), aT, 
P i rwx=., at’ 1 

(11) 
‘rn 

Equation (3) the equation of motion may 
similarly be rewritten to yield : 

Kp’ VP, + GP) w=---- 

L4 ( 
(12) 

where 

G, = G,, + vpCD = [(Pr - pf~&?“,ol. 

But 

P r,,, = PO [l - B(Tcn - &)I 9 
Pr = PO [1 - b(&D + Tp - T,)]. 

Thus 

Gp = ( - woPT,,W . (13) 

Taking the divergence of equation (12), and 
using the identity provided by equation (1). 
yields : 

V2Pp = gpop~. 



TRANSIENT THREE-DIMENSIONAL NATURAL CONVECTION 17 

Eliminating w, between equations (11) and (12) 
results in 

Furthermore, elimination of pressure between 
equations (14) and (15) yields : 

(pcP)m a V2 V2T 

/2, at 1 P 

Equation (15) may be made dimensionless by 
defining : 

t = 1 t* = LyJrnf, . x=LX x ) 
m 

Y = L,Y, z=Li z 2 Tp = AT,T,. 

The resulting equation is: 

[ 1 ; - v2 v2Tp + A2R8:Tp = 0. (17) 

The Rayleigh number, R, is defined by: 

(18) 

Aside from minor variations, equation (17) 
is essentially the same equation developed by a 
number of investigators (Lapwood [5], Com- 
barnous [ 151). 

(b) Nonlinear equations 
The solution to the linearized equations pro- 

vide considerable insight into establishing the 
critical Rayleigh number, but the nonlinear 
equations have to be solved to predict behaviour 
beyond the onset of convective motion. The 
obvious procedure of solving equations (l)-(3) 
requires the substitution of equation (3) into 
equation (1) and the subsequent simultaneous 
solution of the resulting equation with equation 
(2). This formulation results in two partial 
differential equations with pressure and tem- 

perature as dependent variables. It will subse- 
quently be referred to as the pressure solution. 

An alternative method was proposed by 
Aziz and Hellums [ 121. They employed a vector 
potential, the three-dimensional analog of the 
stream function in the solution of the Navier- 
Stokes equations. They had previously observed 
that this formulation was computationally 
superior to the pressure formulation. Numerical 
experiments indicated that the computer time 
required for the pressure solution was an order 
of magnitude higher than for the stream function 
solution for this problem also. 

Thus following the approach of Aziz and 
Hellums [ 121, pressure is eliminated from 
equation (3) by taking the curl of the equation, 

E =Vxw=- KP, pv x (VP + G) (19) 
p 

where B is defined as the vorticity vector. 
Since V x VP = 0, equation (19) becomes 

8= KPs ---VxG. (20) 
p 

A vector potential, JI, may be defined such that 

w=Vx$. (21) 

Hirasaki and Hellums [16] prove that a vector 
potential defined by equation (21) exists and is 
solenoidal if the velocity field is solenoidal. As 
the density is assumed constant (except where it 
contributes to buoyancy), equation (3) implies a 
solenoidal velocity field, i.e. 

v.+=o. (22) 

With the aid of equation (22) it can be shown 
that 

‘j=-V2++xG (23) 

and 

v.w=v.(vx+)=o (24) 

The no-flow boundary conditions restated in 
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terms of the vector potential are (Hirasaki and 
Hellums [ 161) : 

at x = 0, L, (25) 

ati, --=l)*=$313o 
aY 

at y = 0, L, (26) 

-=JI1=lfti~O 
aZ 

at 2 = 0, L,. (27) 

The previous equations may be made dimen- 
sionless by the following substitutions : 

w, = @w,, x = LXX (28) 

LpZ- 
WY = wy*i-Gy = -L-wy, Y = LyY 

x 

*2 = J%3T2 
313 = L&17;,. 

Equations (Bj(27) may now be made dimen- 
sionless to give : 

a$, ail;2 
wx=-%- 

-- 
as (29) 

(30) 

(31) 

Furthermore by defining: 

T=T,+AT,.T (32) 

(33) 

and assuming that 

P, = pi,(l - ~A~~) (34) 

the dimensionless form of equation (23) may be 
obtained : 

- 

V2tjb, = B2R cos “$$ (35) 

v2qZ = -AR sin@;+ AcosBg (36) 
[ 

- 

-1 
v2q3 = AB2R sin %$ (37) 

The dimensionless form of the boundary condi- 
tions would be : 

a$, ,,=(b2 =iJ3 =OatZ=O,l (38) 

$=$i ==$,=Oatjj=O.l (39) 

$=gl =q2 =Oat_Z==O,l. (40) 

The energy equation [equation (2)] may be 
made dimensionless by similar substitutions to 

yield : 

with an initial condition of: 

QX, jJ Z, 0) =f(Z, p, Z), normally = 0 

and boundary conditions of: 

(42) 

T= l.Oat X = 0 (43) 

T= Oat:= 1-O (44) 

aT 
- 

-=Oatj=O,l:$=Oat Z=O,l. (45) 
aj 

It will be noted that as L,, -+ og, the aspect ratio 
B approaches 0, which woutd result in J;, and 
i&S to be equal to 0 at afl times [from equations 
(35) and (37)], which would mean that iCY = 0 at 
all times, and the two-dimensional problem is 
approached. In this case $2 would be the con- 
ventional stream function. For 8 = 90, the hori- 
zontal case, equation (35) indicates $1 to be 
equal to zero at all times. This situation was the 
only case investigated numerically. The formula- 
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tion was obtained considering any angle of 
inclination to make it more general, 

3. METHOD OF SOLUTION 

(a) Linearized equations 
Following the approach of Lapwood [5], 

Karra [9] and numerous other investigators, the 
solution to the linearized equations is assumed 
to be of the form : 

-$ = E sin 1 IT.% cos m nj cos xZe”*. (46) 

The integers 1, m and n are the wave numbers of 
the disturbance. It is easily seen that the point 
of neutral stability is attained when q = 0. For 
a positive q, any disturbance will grow with 
time, whereas for a negative q, any disturbance 
will decay with time. 

Substitution of equation (46) (with 9 = 0) into 
equation (17) yields : 

- (127c2A2 + m2n2 B2 + n’n”) 

x (A27c212 + B2n2m2 + n2n2) 

+ A2Rc(B2n2m2 + n2n2) = 0 (47) 
or 

R = n2Q2A2 + m2B2 + n2)2 
E A2(B2m2 + n2) ’ 

(48) 

Equation (48) is essentially the same relation- 
ship as obtained by Lapwood. (The identity 
between the relationships is obtained by letting 
A = B = 1.) Assuming B to be 0 yields the 
relationship given by Karra [9]. Equation (48) 
may now be employed to give the critical Ray- 
leigh number as a function of the wave numbers 
for a number of aspect ratios. The results 
obtained are presented in Section 4. 

(b) Nonlinear equations 
Present day mathematical knowledge does 

not allow in general the solution of nonlinear 
partial differential equations in an analytical 
form. Numerical techniques are necessary at one 
stage or another. In early investigations, Wood- 
ing [6,17] perturbed the original equations and 
then solved the perturbation equations numeric- 
ally. Subsequent investigators solved the basic 

equations numerically. As the perturbation 
solution is limited to low Rayleigh numbers, the 
equations as presented under Mathematical 
Formulation were solved numerically in this 
investigation. The numerical methods are well 
known (e.g. Varga [ 18]), and only a brief outline 
is given here. The algorithms employed are 
defined in Appendix 1. 

The numerical solution is obtained by dividing 
the domain of interest into a grid network such 

-- 
that Xi = (i - l)Ax, yj = (j - l)AJ and Z, = 
(k - 1)AZ (this definition is employed to be com- 
patible with the computer program where the 
subscript 0 is not allowed). The partial differen- 
tial equations are also discretized according to 
standard procedures. The energy equation was 
solved by the Alternative Direction Implicit 
(ADI) procedure. A form convenient for the 
problem under consideration is given by Aziz 
[ 31. It may be regarded as a perturbation of the 
form first proposed by Douglas [ 191. (The solu- 
tion algorithm is given in Appendix 1.) The 
nonlinearities (mass fluxes) in the equation were 
linearized over a time step. The assumed value 
was taken to be the arithmetic average of the 
mass flux at the beginning of the time step and 
the end of the time step. (As the value at the end 

IInmr;irel 

Cal*te 
W 

at n + 1/2,y i--IT Calculate 
f 

atntl,y 

Calculpte c us$rat 
n+1,v- I 

L$&---TZ. level 

v = iteration level 

FIG. 2. Simplified flow diagram of the computer program. 
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of the time step is not known, this procedure 
implies iteration at a time step.) 

The equation of motion was solved by the 
method of Successive Over-Relaxation (SOR). 
The solution algorithm is well known, and is 
given for the convenience of the reader in 
Appendix 1. 

The two equations were then solved simul- 
taneously by the algorithm presented in Fig. 2. 

4. RESULTS AND DISCUSSION OF RESULTS 

(a) Linearized equations 
The critical Rayleigh numbers were obtained 

as a function of the wave numbers considering 
the aspect ratios of A = 1, B = 1: A = 3, 
B = 3 ; and A = 3, I3 = 6. The results are 
presented in Table 1. The two-dimensional flow 
regime, characterized by m = 0, yields critical 
Rayleigh numbers which are independent of 
B. The lowest critical Rayleigh number calcu- 
lated is 39.47. This corresponds to the value of 
4n2 obtained by Lapwood [S]. 

Table 1 may also be rearranged to yield the 
number of possible solutions for each value of 
the Rayleight number. For instance at a Rayleigh 
number of 60. linear theory predicts 9 possible 

and K. AZIZ 

solutions for the confined porous medium of 
aspect ratios A = 3, B = 3. Of these 9 solutions, 
4 predict the motion to be two-dimensional. If 

Table 1. Linear theory: critical Rayleigh number vs. wave 
numbers 

RC R, RC 
E m n A=t,B=l A=3.3=3 A=3.B=6 

1 0 1 39-47 10965 LO9-65 
2 61.68 46.32 46.32 
3 39.47 39.47 
4 42.83 42.83 
5 50.70 50.70 
6 61.68 61.68 

1 I 1 44.41 39.58 62.71 
2 71.05 4@82 65.82 
3 44.41 71.05 
4 50~10 78.46 
5 59.63 8808 
6 71~05 

the aspect ratios are changed to A = 3, B = 6, 
only two-dimensional motion would be possible 
for the same Rayleigh number. At low Rayleigh 
numbers (near the critical) the table suggests 
that two-dimensional motion is preferred. The 
motion may thus be described to be in the form 

----‘Esttmoted 

(from Holst fill f 

/ ??=o 

-_I-- -__I- 

I I I I 1 

0‘1 02 0.3 0.4 0.5 0% 0.7 0.8 

T 

FIG. 3. Transient beat transfer at the cold boundary, R = 120. A = 1, B = 1. 
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Table 2. Summary of steady state results 

120 1 1 1 1 1 3.94 -5-26 502 - 5.17 5.11 
1 1 1 0 1 3.49 - 6.30 0 0 0 
3 3 1 1 1 3.57 -4.73 4.73 - 19.07 1909 
3 3 1 0 3 3.49 -6.30 0 0 0 
3 6 1 1 1 298 - 1.52 1.52 -21.60 21.55 
3 6 1 0 3 3.49 -6.30 0 0 0 

60 1 1 1 1 1 1.67 - 2.05 2.00 - 2.03 2-01 
1 2 1 0 1 1.89 -3-01 0.01 -OWlO4 0.~4 

of rolls with axes of the rolls parallel to the 
shorter sides. These observations are analogous 
to those presented by Davis [20] for the open 
cavity. At sufficiently high Rayleigh numbers, 
this conclusion may no longer be valid and 
another solution may be preferred. This change 
from one mode to another has been observed 
by Combamous [15] in the form of cyclic 
changes in the heat transfer characteristics. 

(b) Nontinear equations 
The transient 3-D solution is presented in 

Fig. 3. The figure indicates that the 3-D motion 

$0 - 

25 - 

s 

2.0 - 

I.5 - 

represents a significant increase in the heat 
transfer across the porous medium when com- 
pared to the 2-D motion. The solution shown 
has wave num~rs of t = 1, m = 1 and n = 1. 
According to the linear theory this particular 
solution has a critical Rayleigh number of 
44.41 which is higher than the critical Rayleigh 
number of the 2-D (roll) solution. Table 2 
presents a summary of important numerical 
results obtained with the numerical method 
described earlier. The table shows that at a 
Rayleigh number of 120 the l-l-l solution 
exhibits considerably more heat transfer than the 

I I I I I I 
09 I.0 I.1 I.2 I.3 l-4 

i 
FIG. 4. Transient heat at the. cold boundary, R = 60, t? = 90 (A = 1, B = 1 solution is started with the steady state R = 120 

solution : A = 1, B = 2 solution is started with steady state conduction solution). 



l-0-1 solution. Using criterion of Platzman 
[21], whereby the solution exhibiting the maxi- 
mum heat transfer is physically preferred, the 
l-l-l solution would be preferred at a Rayleigh 

number of 120. At lower Rayleigh numbers, as 
will be shown subsequently, the situation is 

reversed. It should be noted at this time that no 

analysis of the effect of grid spacing on the 3-D 
solution has been carried out due to the 
extremely high computer time requirements. On 

this basis the value of the Nusselt number might 
be in error by as much as 18 per cent (based on 
2-D studies conducted by Holst [ 1 I]). However, 
the difference between the two solutions is of 
considerable magnitude and both solutions 
were obtained for similar grid sizes. The con- 
clusion that the (l-l-l) solution would be 

physically preferred is consequently reasonable. 

are presented in Fig. 4. The situation where 

A = 1, B = 2 essentially duplicated the results 

obtained by a 2-D model (Holst [ll]). The 
minor variations between the solutions were 

(‘3) ;=OCI. R=60 L (b) F=@o.R=I~o 

Subsequent results (see Table 2) obtained by 
changing the aspect ratios without changing the 

grid spacing are somewhat suspect. The solu- 
tions were obtained by using the steady state 
A = 1, B = 1 solution as the initial condition. 
According to the linear theory, the results 
obtained are possible. The proximity of the 
steady state Nusselt numbers, combined with the 

coarse grid system employed in developing the 
A = 3, B = 3 case, do not allow the determina- 

tion of the physically most likely convection 
pattern (1-l-l or l-O-3 are the only two 

alternatives investigated : the absolute optimum 
may very well be a pattern not investigated). 
The results obtained for the A = 3, B = 6 case 
definitely suggest the l-0-3 (3 cell, 2-D) mode 
to be more likely in a physical application. 

,.“_, ,_,,,, ._, ,./ ,.I ,,.,.,_. “.“,/ ..1 .., .., ../a .,.,.,./ 

(e) F=I.O.R=60 ( f ) ? = I.0.R = I20 

FIG. 5. Steady state temperature distributions. A = I. 
B = 1. 

As a number of experimental results were 

obtained at a Rayleigh number of approximately 
60 (Hoist [ ll]), an investigation of the effect 
of the third dimension at that Rayleigh number 
seemed appropriate. Two situations were investi- 
gated : the first assumed A = 1, B = 1 and 
employed the steady state l-l-l solution at 
R = 120 as the initial condition, the second 
case assumed A = 1. B = 2 and employed the 
steady state conduction solution as the initial 
condition. The transient results thus obtained mode than that obtained at R = 120. 

believed to be attributable to the slightly different 
spacings employed. The two-dimensional form 
of the solution was predicted by the linear 
theory and provides an excellent check on the 
consistency of the two computer models. The 
(l-l-l) solution obtained for A = 1, B = 1 is 
of interest, as it suggests that at this low Rayleigh 
number the 2-D one cell solution is physically 
more likely. This represents a different preferred 

82 P. H. HOLST and K. AZIZ 
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Figure 5t shows a comparison of the steady 
state temperature distributions for R = 60 and 
120 at j = 0, 0.5 and 1.0. All contour maps 
shown on this figure are for A = 1 and B = 1. 
Figure 6 presents a similar comparison for the 

1-1 =a.. _I .I ..I IS... .j 

(a) Y =@O.R=60 tbl 7=0.0,~*120 

“, - ._ I. “_ 1.1”. * ._ ..s _. ._.a. ” 

,_-, . . ,.. . , _ . . I .,” . . . . I_ ..w, . . ,.. . . I ..,” II”..‘ 

(e) F= I.0.R ~60 (f) k7=I~O,R=l20 

FIG. 6. Steady state I$* distributions, A = 1, B = 1. 

tj2 component of the vector potential. Figures 
7 and 8 presents a comparison of temperature 
and $3 distribution at R = 120 for the cases 
A = 3, B = 3 and A = 3, B = 6. The g3 dis- 
tributions are notably missing for the planes 

t The contour maps are constructed on the line printer 
by a program which divides the range of a two-dimensional 
array into 10 subranges. Each subrange is then filled by a 
special character. The first subrange is tilled by a 0, the second 
by a blank, the third by a 2, etc., ending with a blank in the 
10th subrange. To aid in the interpretation the blanks are 
coded with the number they should contain. 

JJ = 0 and J = 1-O in Fig. 8 due to the fact that 
the boundary conditions specify them to be zero 
at these locations. In other words, the flow is 
two-dimensional at the boundaries. From the 
temperature maps it is apparent that the mid- 
plane temperature distributions do not resemble 
the two-dimensional results. The temperature 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

,” I. 1 . . I . I *.,, ._.L. 

(0)7=00,.4=3,8=3 

i ‘.‘iF;,i’lb,o;at.;;‘:6 Il.... 

,“_“. . . .I .., .I . . .._ I ,..L L 1-1. . .._. .I 1. . ..” II_... 

(c)~=Oe+l=3,8=3 fd) y =@5,Ac1’3,8=6 

,._, ,_~ _, _, ._.” ,,.... ,“1. . . ,a” I I . . ..b. V”... 

(e)y=I.o,cl= 3.8 = 3 (f)~=I.O,4=3,8=6 

FIG. 7. Steady state temperature distributions, R = 120. 

distributions obtained at the bounding surfaces 
are notably similar to the 2-D results. This is to 
be expected, as the flow at these surfaces is 
strictly two-dimensional. Considering the poss- 
ible directions of circulation at the opposing 
surfaces (e.g. at F = 0 and J = 1.0) only two 
alternatives are present. If they are the same, 
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FIG. 10. Streak line, R = 120, A = 1, B = 1. 

two-dimensional motion is the most probable the maps at the opposing bounding surfaces be 
result for the aspect ratios and Rayleigh numbers mirror images of each other. Figures 5-7 comply 
considered here. If they are different, the solu- with this requirement. 
tions presented in Figs. 5-13 are most likely. Referring to Figs. 5-8, it is difficult to visual- 
The possible solutions may be obtained using ize the fluid movement when the flow is three- 
equation (48). The l-l-l solution requires that dimensional. Some attempts have been made to 
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FIG. 12. Streak line. R = 60, A = 1. B = 1. 
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FIG. 13. Streak line, R = 60, A = 1, B = 1. 

aid in the visualization. Figure 9 represents the in the middle. Visualization of the flow in the 
first attempt by presenting isometric projections mixing zone is somewhat more difficult. To aid 
of the T = 0.5 isothermal surface. For the in the interpretation of the flow in this mixing 
A = 3, B = 3 case the motion may be described zone a program was developed to trace the path 
by two counter rotating rolls with a mixing zone of a fluid particle. Figure lo(a) is the streakline 
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obtained for a particle originally at the location 
Z = @2, j = O-2 and Z = 0*2. The streaktine 
is presented by a top? front, and side view. There 
is no clear eirc~latin~ pattern evident, su~~ti~~ 
that the velocities were too large for the grid 
system considered in order for this method to 
yield easily interpretable results. Figure 10(b) 
presents similar results for a fluid originally 
located at Z = @& jj = O-2 and Z = 05, The 
streakline for this particle indicates the flow to 
be more or less two-dimensional in the g-5 plane, 

Similar results obtained for A = 1, B = 1 and 
R = 60 are presented in Figs. 11-13, As the 
lIuid was moving at lower velocities, the results 
are more accurate. The general circulative 
pattern is similar to that obtained at a Rayleigh 
number of 120. 

As is evident from the isometric projections 
and streakline figures, the cellular motion is not 
very easily visualized or described. Further 
investigations would have to be ~r~~rrn~ to 
obtain an estimate of the signal-to-noise ratio 
in the solution : that is, how much of the apparent 
randomness is due to the method of tracing the 
particle and bow much is actual physical 
behaviom. To carry out this type of invesstiga- 
tion in depth, the grid spacing would have to be 
altered. This would require more computer 
time than was available for this investigation. 
Decreasing the Rayleigh number has a similar 
effect however. On this basis, it can be seen that 
the r~domn~ss in the str~li~~s for R = I20 is 
primarily due to inaccuracies in the solution, and 
the streaklines obtained for R = 60 provide 
a better picture of the circulating pattern. 

1. ark-Dimensions motion may under cer- 
tain instances result in higher heat transfer 
across the porous medium, depending upon the 
physical dimensions of the medium and the 
Rayleigh number of the system, 

2. The critical RayIeigh numbers obtained 
from the linear theory provide considerably 
insight into the physical mode of convection at. 
Rayleigh numbers above the critical. 

3. As two-dimensional solutions always 
satisfy the three-dimensional equations, there is 
an inherent multiplicity in the solution if three- 
d~ensio~al motion is possible, 

4. The method of using the vector potential in 
the formulation yielded entirely acceptable 
results. It is the authors’ belief that this formula- 
tion is superior to the one using pressure as one 
of the dependent variables. 
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4 = (k - 1)AZ. v is the iteratio’n level. 

The relaxation factor, o, may be. obtained by a method 

proposed by Young [22]. Thus 

2 
W= 

1 1 1 
(A.4) 

1 
cosA nAP + z cosA nAy + : cos rrAi 
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APPENDIX 1 

Numerical Methods 

1. EIIiptic equation 
The equation of motion [equations (35)+37)] was arranged 

in the form of an elliptic equation and solved by the method of 

Successive Over-Relaxation (SOR) in the majority of the 

solutions presented. The procedure is well established (e.g. 

Young [22]) and only a very brief description follows. The 

algorithm is presented for the following general equation: 

where d is a function of x, y and z. 
The $ distribution was obtained by discretizing the three 

space dimensions and subsequently calculating $ values at 

every grid point by iteration. Thus at time n + 1 

In this problem d takes the following values [see equations 

(35H37)] : 

_ 
d = -ApR sin 0:. 

Iteration of equation (A.2) was continued until the following 

criterion was met: 

The values of 1 I$,,./ and I$,,/ were obtained from the 

previous time step. The value of E was generally taken to be 

equal to 10m5. 

2. Parabolic equation 
The energy equation was solved numerically by writing 

it in the form of a parabolic equation and using one form of 

the commonly used noniterative Alternating Direction 

Implicit (ADI) procedure. This procedure was first intro- 

duced by Peaceman and Rachford [23]. 

Using the ADI procedure, equation (41) is discretized 

spatially, and a first approximation, T*, of the solution at 

time (n + l)b is obtained by: 

T,,j,k,m 

(A.5) 

A second approximation, T**, is obtained by: 

(A.2) _ ZT? 
Af I.J.k,n+ 1. 64.6) 
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The final solution is obtained by : 

The D operators are defined by : 

W:j,k.” + 1 

- 2TZj.kc.n+I + Ti+*,j.k,n+ll 

A- 

- 2Ti.j.t.n + Ti,j+I.k,nl 

A 
- --zyiyi.j.t,n+&Ti,j+ 1,k.n - Ti j-1 kn) 

2Ajj . , 

(A.7) 
n*Ti,j,k,n 

A- 
- -W.i.jC.n+*(Ti,j,~+l.n - Ti,j.t-I,n). 

2A.? 
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(A.9) 

(A.lO) 

(‘4.8) 
In the first step of the three-step procedure, equation 

(AS) is solved implicitly for one Z-grid line at a time. In the 
second step, equation (A.6) is solved for one j-grid line at a 
time, while in the third and final step, equation (A.7) is 
solved for one f-grid line at a time. 

CONVECTION NATURELLE TRIDIMENSIONNELLE TRANSITOIRE DANS UN MILIEU 
POREUX CONFINE 

R&ann-Des recherches exptrimentales sur la convection naturelle dans un milieu poreux confine a 
mOntre que le mouvement peut 6tre bidimensionnel ou tridimensionnel. Le mode de convection depend 
de la configuration physique et du nombre de Rayleigh. Cet article traite des rbultats theoriques obtenus 
par la methode da differences tinies appliqu&. aux equations qui decrivent la convection naturelle 
transitoire dans un milieu poreux. Les equations ont et6 rendues plus adapt&s a une solution numtrique 
en introduisant un potentiel vecteur qui peut etre consider6 comme I’homologue tridimensionnel de la 
fonction de courant. 

Les rtsultats numtriques indiquent que, sous certaines conditions, le mouvement tridimensionnel 
rtsulte de taux de transfert thermique significativement plus 6levb que dans le cas bidimensionnel au 
mZme nombre de Rayleigh. La configuration de la convection tridimensionnelle est illustrC par des 
projections isometriques des surfaces isothermes et des lignes qui reprtsentent la trajertoire d’une particule 
fluide. Les equations lin6aris6es sont rtsolues pour fournir une estimation du nombre de modes de con- 

vection possibles en fonction du nombre de Rayleigh. 

INSTATIONARE DREIDIMENSIONALE FREIE KONVEKTION IN 
PORdSEN MEDIEN ENDLICHER AUSDEHNUNG 

Zusammenfassnng-Experimentelle Untersuchungen der freien Konvektion in poriisen Stoffen endlicher 
Ausdehnung haben gezeigt, dass die Bewegung zwei- oder dreidimensional sein kann. Die Art der Kon- 
vektionsbewegung hiingt ab von der Anordnung der Poren und der Rayleighzahl. Diese Arbeit behandelt 
die theoretischen Ergebnisse, die mit Hilfe des Differenzenverfahrens aus den Gleichungen erhalten 
wurden, die die instationare freie Konvektion in porosen Medien beschreibcn. Die Gleichungen wurden 

dimensionales Gegenstiick zur Stromfunktion betrachtet werden kann. 
Die numerischen Ergebnisse zeigen, dass unter bestimmten Bedingungen die dreidimensionale Be- 

wegung bei gleichen Rayleighzahlen zu bedeutend hiiherem WLrmehbergang im por6sen Stoff fiihrt 
als die zweideimensionale Bewegung. Das Stromungsbild der dreidimensionalen Konvektionsbewegung 
wird veranschaulieht durch isomexe Projektionen von isothermen Oberflfichen und Streifenlinien, die 
den Weg der Fliissigkeitsteilchen kennzeichnen. Die linearisierten Gleichungen werden gel&t, um eine 

Abschiitzung der Zahl der miiglichen Konvektionsarten als Funktion der Rayleighzahl zu erreichen. 
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HECTALJHOHAPHASI TPEXMEPHAFI ECTECTBEHHAFI ICOHBEICIJIUI B 
OrPAHWIEHHbIX FIOPHCTbIX CPEAAX 

&UiOTaq&isI-3KCIIepHMeIITaJIbHbIe HCCJIeROBaHl4H eCTeCTBeHHOti KOHBeKIJHkl B OrpaHMYeHHOti 

IIOpIlCTOi CpeAe IIOKaaaJILI, YTO fiBHWeHfle MOmeT 6bITb AByX-HJIH TpeXMepHbIM. BKA KOH- 

BeKqHEf 3aBHCLIT OT @3HYeCKOti KOW@irypaqIUI II YHCJIa PeJIeH. B AaHHOti pa6oTe pacc- 
MBTpHBBIOTCfl TeOpeTBYeCKHe pe3yJIbTaTb1, IIO.?tyYeHHbIe C IIOMO~bIO peIIIeHHH B KOHeYHbIX 

pa3HOCTHX ypaBHeHkli, OIIHCblBaIO~~X HeCTaqMOHapHyIO eCTeCTBeHHyI0 KOHBeK~IIIO B 

IIOpEiCTbIXCpe~aX.YpaBHeHHH 6bunrnp~Be~eHbI K 6oneeygOGHO~ynnRYKCneHHOrOpeueH~R 

BHJ(y,MCIIOJlb3yri BeKTOpHbIti IIOTeHIJHaJI, KOTOpbIti MOmHO paCCMaTp&lBaTb KaK TpeXMepHyIO 

(Pyki~q51~),06paTHy10 @~HK~I~H TOKa. 

%WIeHHbIe pe3yJIbTaTbI IIOKa3bIBaIOT, YTO IIpH OnpeAeJIeHHbIx ycnoBHRx B pe3ynbTaTe 

TpexMepHoro ,QBEIZ-KeHHH IIoJIyYaIoTcR 3HaYEITeJIbHO 6onbmHe CK~POCTII nepeKoca Tenna 

nonepeK nop~lc~oi cpeAbI,HexrenHnpa~ByxMepKoM gBHHteHwi nplr TOM me3KaYeKnrr yncna 

PeJIeH. ~OHBeKTHBHbIi% XapaKTep TpeXMepHOI.0 ABWKeHHfI PIJIJIKICTpHpyeTCH H30MeTpHYeC- 

KIlMEl~pOeK~llIIMIlEI30TepML1YeCKWX~OBepXHOCTet~T~eKaMHYaCTIl~H(II~KOCTB.~JIriO~eHRIl 

pRJ(a BO3MOmHbIX KOHBeKTRBHbIX KOH@IWypaI@i B BaBIfCHMOCTM OT YACJIa PeJIeJI peIUaIOTCR 

auHeapH30BaHKbre ypaBKeHHR. 


